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Abstract
In order to account for the observed cosmic acceleration, a modification of the ansatz for the
variation of density in Friedman-Robertson-Walker (FRW) models given by Islam is proposed.
The modified ansatz leads to an equation of state which corresponds to that of a variable Chap-
lygin gas, which in the course of evolution reduces to that of a modified generalized Chaplygin
gas (MGCG) and a Chaplygin gas (CG), exhibiting late-time acceleration.
We consider the homogeneous and isotropic Robertson-Walker space-time
ds2 = −dt2 +R2(t)
[
dr2
1− kr2 + r
2(dθ2 + sin2 θ dφ2)
]
(1)
described by its scale factor R(t) and curvature parameter k = 0, ±1. The universe is assumed
to be filled with a distribution of matter represented by the energy-momentum tensor of a perfect
fluid given by
Tij = (ρ+ p)UiUj + p gij (2)
where ρ is the energy density of the cosmic matter and p is its pressure. The Einstein field equations
Rij −
1
2
Rkkgij = −8piGTij (3)
for the space-time (1) yield the following two independent equations
8piGρ = 3
R˙2
R2
+ 3
k
R2
(4)
8piGp = −2R¨
R
− R˙
2
R2
− k
R2
(5)
1
from which we obtain the conservation equation
d
dR
(
ρR3
)
= −3pR2 (6)
and the Raychaudhuri equation
8piG(ρ + 3p) = −6R¨
R
(7)
In the past few years, there has been spurt activity in discovering the models of the universe
in which the expansion is accelerating, fueled by some self-interacting smooth unclustered fluid
with high negative pressure collectively known as dark energy [1]-[3]. These models are mainly
motivated by the cosmological observations of the supernovae of type Ia [4]-[7]. Dark energy is
also supported by other observations, for example, the anisotropy measurements of the cosmic
microwave background radiation [8]-[9] and the observations of the baryon acoustic oscillations
[10]-[11].
Dark energy can be represented by a large-scale scalar field φ dominated either by potential
energy or nearly constant potential energy. Such a matter will also have its energy-stress tensor in
the form TDEij = (ρφ + pφ)UiUj + pφ gij and its equation of state in the form pφ = wφρφ, where wφ
is a function of time in general. A large class of scalar field dark energy cosmological models have
been proposed in recent years, including cosmological constant Λ for which wφ reduces to the value
-1 (potential energy dominated scalar field) [12], quintessence [13]-[16], K-essence [17], tachyon [18]-
[19], Phantom [20]-[21], ghost condensate [22]-[23], quintom [24]-[27] and spintessence [28]. Scalar
fields are not the only possibility for the dark energy but there are some alternatives also. Cosmic
acceleration can also be accounted by invoking inhomogeneity [29], [30]. It can also be carried out
by using some perfect fluid but obeying ”the exotic” equation of state, the so-called Chaplygin
gas [31], [32]. Chaplygin gas (CG) is a peculiar perfect fluid characterized by the equation of
state p = −Aρ (A is a positive constant). Chaplygin introduced this equation of state [33] as a
suitable mathematical approximation for calculating the lifting force on a wing of an airplane in
aerodynamics. The same model was rediscovered later in the same context [34]-[35]. The negative
pressure following from the Chaplygin equation of state could also be used for the description of
certain effects in deformable solids [36], of stripe states in the context of the quantum Hall effect
and of other phenomena. The Chaplygin gas emerges as an effective fluid associated with d-branes
[37]-[38] and can also be derived from Born-Infeld type Lagrangians [32], [39]. One of its most
remarkable property is that it describes a transition from a decelerated cosmological expansion to
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a stage of cosmic acceleration.
Islam [40] has made the ansatz, in which the mass-energy density ρ in Friedmann-Robertson-
Walker (FRW) models is given as a function of R as
ρ =
A
R4
(
R2 + b
)1/2
(8)
where A and b are positive constants and obtained exact solutions connecting radiation and matter
eras for all the three cases of FRW models. For small R, the function ρ behaves like R−4, while for
large R, it behaves like R−3, (the cases of pure radiation and zero pressure of standard models).
All the FRW models based on the ansatz (8) are decelerating models throughout the evolution. In
order to meet the observational requirement of an accelerating universe at present, it is a physical
necessity to propose a modified law for the variation of matter density in the universe. In this
regard we make an attempt with the modification of the ansatz (8) as
ρ =
A
R4
(R2 + b+ cR8)1/2 (9)
where c is a positive constant. The ansatz (9) can alternatively (for mathematical ease) be written
as
ρ =
√
α
R8
+
β
R6
+ γ (10)
where α, β, and γ are all positive constants. From the conservation equation (6)
for ρ =
√
α
R8
+ β
R6
+ γ, the expression for pressure p is obtained as
p =
( α
3R8
− γ
) 1√
α
R8
+ β
R6
+ γ
(11)
so that the equation of state is given by
p =
( α
3R8
− γ
) 1
ρ
(12)
which corresponds to a variable Chaplygin gas [41]-[43]. In view of equations (10) and (11), we see
that
(ρ+ 3p) =
(
2 α
R8
+ β
R6
− 2γ
)
√
α
R8
+ β
R6
+ γ
(13)
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which is positive for very small values of the scale factor R indicating R¨ < 0 initially (from the
Raychaudhuri equation (7)). The model starts from the big bang with R˙→∞ (from the Friedmann
equation (4)).
For small values of R, after the big bang, that is, so long as αR8 ≫
β
R6 + γ, we have ρ ≈
√
α
R4
and p ≈ 1
3
√
α
R4 , which corresponds to the initial radiation dominated era (p =
1
3
ρ) of the standard
model. For the small values of R satisfying the condition α
R8
+ γ ≫ β
R6
, we get ρ ≈ √ α
R8
+ γ
and p ≈ 1
3
ρ− 4
3
γ
ρ , which corresponds to a modified generalized Chaplygin gas characterized by an
equation of state p = Aρ− Bρn [45]-[46]. As R further increases, the term βR6 starts dominating over
the term α
R8
in the expression for density (10). That is, the expression for the density takes the
form
ρ ≈
√
β
R6
+ γ ,
(
α
R8
≪ β
R6
+ γ
)
(14)
and the equation of state reduces to
p ≈ −γ
ρ
(15)
which corresponds to a Chaplygin gas [31]. For the values of R satisfying the condition R6 ≪ βγ
the expression for the density (14) approximates to
ρ ≈
√
β
R3
(16)
which corresponds to a FRW universe dominated by dust like matter (p = 0). In view of (14) and
(15), it follows that the universe turns from decelerated phase of expansion to one of acceleration
as soon as R6 > β
2γ .
For very large values of the cosmological radius R from equation (14), the expression for the
density approximates to
ρ ≈ √γ (17)
and from equation of state (15)
p ≈ −√γ. (18)
From Eqs. (17) and (18), we have (ρ+ 3p) = −2√γ < 0 i.e. R¨ > 0 (from the Raychaudhuri
equation (7)) leading to an accelerating universe. This corresponds to an empty universe with a
4
cosmological constant
√
γ (de Sitter universe). Thus we find that the modified ansatz (10) ulti-
mately leads to an accelerated phase of expansion passing through the different phases of decelerated
expansion, in agreement with the observations.
It is difficult to integrate the Friedmann equation (4) for ρ =
√
α
R8
+ β
R6
+ γ, even in the case
k = 0, to obtain the time variation of the scale factor R; However, the solution for ρ =
√
β
R6 + γ has
already been obtained by Kamenshchik et al. [31]. Further detailed properties and consequences
of Chaplygin gas cosmological models have already been discussed by Gorini et al. [47].
References
[1] Peebles P J E and Ratra B 2003 Rev. Mod. Phys. 75 559 %DOI: 10.1103/RevModPhys.75.559
[2] Sahni V and Starobinsky A 2000 Int. J. Mod. Phys. D 9 373
%DOI: 10.1142/S0218271800000542
[3] Padmanabhan T 2003 Phys. Rept. 380 235 %DOI: 10.1016/S0370-1573(03)00120-0
[4] Perlmutter S et al 1999 Astrophys. J. 517 565 %DOI: 10.1086/307221
[5] Reiss A G et al 1998 Astron. J. 116 1009 %Doi: 10.1086/300499
[6] Kowalski M et al 2008 Astrophys. J. 686 749 %Doi: 10.1086/589937
[7] Amanullah R et al 2010 arXiv:1004.1711
[8] Spergel D N et al 2003 Astrophys. J. Suppl. 148 175 %DOI: 10.1086/377226
[9] Spergel D N et al 2007 Astrophys. J. Suppl. 170 377 %DOI: 10.1086/513700
[10] Wang Y and Mukherjee P 2006 Astrophys. J. 650 1 %DOI: 10.1086/507091
[11] Bond J R, Efstathiou G and Tegmark M 1997 Mon. Not. Roy. Astron. Soc. 291 L33
[12] Vishwakarma R G 2002 Mon. Not. R. Astron. Soc. 331 776
%DOI: 10.1046/j.1365-8711.2002.05253.x
[13] Ratra B and Peebles P J E 1988 Phys. Rev. D 37 3406 %DOI: 10.1103/PhysRevD.37.3406
[14] Wetterich C 1988 Nucl. Phys. B 302 668 %DOI: 10.1016/0550-3213(88)90193-9
5
[15] Caldwell R R, Dave R and Steinhardt P J 1998 Phys. Rev. Lett. 80 1582
%DOI: 10.1103/PhysRevLett.80.1582
[16] Zlatev I, Wang L M and Steinhardt P J 1999 Phys. Rev. Lett. 82 896
%DOI: 10.1103/PhysRevLett.82.896
[17] Armendariz-Picon C, Mukhanov V F and Steinhardt P J 2000 Phys. Rev. Lett. 85 4438
%DOI: 10.1103/PhysRevLett.85.4438
[18] Sen A 2002 J. High Energy Phys. 0207 065 %DOI: 10.1088/1126-6708/2002/07/065
[19] Padmanabhan T 2002 Phys. Rev. D 66 021301 %DOI: 10.1103/PhysRevD.66.021301
[20] Caldwell R R 2002 Phys. Lett. B 545 23 %DOI: 10.1016/S0370-2693(02)02589-3
[21] Nojiri S and Odintsov S 2003 Phys. Lett. B 562 147 %DOI: 10.1016/S0370-2693(03)00594-X
[22] Arkani-Hamed N et al 2004 J. High Energy Phys. 0405 074
[23] Pizza F and Tsujikawa S 2004 J. Cocmol. Astropart. Phys. 0407 004
%DOI: 10.1088/1475-7516/2004/07/004
[24] Feng B, Wang X L and Zhang X M 2005 Phys. Lett. B 607 35
%DOI: 10.1016/j.physletb.2004.12.071
[25] Guo Z K et al 2005 Phys. Lett. B 608 177 %DOI: 10.1016/j.physletb.2005.01.017
[26] Anisimov A, Babichev E and Vikman 2005 J. Cosmol. Astropart. Phys. 0506 006
%DOI: 10.1088/1475-7516/2005/06/006
[27] Setare M R, Sadeghi J and Amani A R 2008 Phys. Lett. B 660 299
%DOI: 10.1016/j.physletb.2008.01.024
[28] Boyle L A, Caldwell R R and Kamionkowski M 2002 Phys. Lett. B 545 17
%DOI: 10.1016/S0370-2693(02)02590-X
[29] Moffat J W 2005 astro-ph/0505326
[30] Hoyle F and Vogeley M S 2004 Astrophys. J. 607 75 1 %DOI: 10.1086/386279
6
[31] Kamenshchik A Y, Moschella U and Pasquier V 2001 Phys. Lett. B 511 265
%DOI: 10.1016/S0370-2693(01)00571-8
[32] Bento M C, Bertolami O and Sen A 2002 Phys. Rev. D 66 043507
%DOI: 10.1103/PhysRevD.66.043507
[33] Chaplygin S 1904 Sci. Mem. Moscow Univ. Math. Phys. 21 1
[34] Tsien H S 1939 J. Aeron. Sci. 6 399
[35] Von Karman T 1941 J. Aeron. Sci. 8 337
[36] Stanyukovich K 1960 (Unsteady Motion of Continuos Media, Pergamon, Oxford, UK)
[37] Bordermann M and J Hoppe J 1993 Phys. Lett. B 317 315
%DOI: 10.1016/0370-2693(93)91002-5
[38] Fabris J C, Gonsalves S V B and de Souza P E 2002 Gen. Relativ. Gravit. 34 53
%DOI: 10.1023/A:1015266421750
[39] Novello M et al 2005 Phys. Rev. D 71 043515 %DOI: 10.1103/PhysRevD.71.043515
[40] Islam J N 1992 (An Introduction to Mathematical Cosmology, Cambridge University Press,
Cambrige)
[41] Guo Z K and Zhang Y Z 2007 Phys. Lett. B 645 326 %DOI: 10.1016/j.physletb.2006.12.063
[42] Sethi G et al 2006 Int. J. Mod. Phys. D 15 1089 %DOI: 10.1142/S0218271806008644
[43] Yang X Y et al 2007 Chin. Phys. Lett. 24 302 %DOI: 10.1088/0256-307X/24/1/082
[44] Lu J 2009 Phys. Lett. B 680 404 %DOI: 10.1016/j.physletb.2009.09.027
[45] Benaoum H B 2002 hep-th/0205140
[46] Debnath U, Banerjee A and Sen A A 2004 Class. Quantum Gravit. 21 5609
%DOI: 10.1088/0264-9381/21/23/019
[47] Gorini V et al 2004 gr-qc/0403062
7
